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Exact solutions of the angular Teukolsky equation in particular cases
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In this work, we propose a new scheme to solve the angular Teukolsky equation for the particular case:
m = 0, s = 0. We first transform this equation to a confluent Heun differential equation and then construct the
Wronskian determinant to calculate the eigenvalues and normalized eigenfunctions. We find that the eigenvalues
for larger l are approximately given by 0Al0 ≈ [l(l + 1) − τ
2
R/2] − i τ
2
I /2 with an arbitrary τ
2 = τ 2R + i τ
2
I .
The angular probability distribution (APD) for the ground state moves towards the north and south poles for
τ 2R > 0, but aggregates to the equator for τ
2
R ≤ 0. However, we also notice that the APD for large angular
momentum l always moves towards the north and south poles , regardless the choice of τ 2.
PACS numbers: 03.67.-a, 03.65.Ud, 03.67.Mn
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I. INTRODUCTION
The general form of the angular Teukolsky equation, also
named as the spin-weighed spheroidal wave equation, has
played an important role for studies of black holes with the
gravitational self-force [1-4], quasi-normal modes [5-8], etc.
Explicitly the equation is given in the form as [9, 10]
(1− x2)d
2
sSlm(τ, x)
dx2
− 2xdsSlm(τ, x)
dx
+
[
sAlm(τ) + s
+τ2x2 − 2s τ x− (m+ s x)
2
(1− x2)
]
sSlm(τ, x) = 0
(1)
where x = cos θ ∈ [−1, 1], θ ∈ [0, pi] and τ = aω. The pa-
rameter a is angular momentum of per unit mass of the black
holes, ω is a complex frequency, l = 0, 1, 2, 3, · · · are an-
gular quantum number andm = 0,±1,±2, · · · ,±l are mag-
netic quantum number. The spin weight of the field s is given
by s = ±2 for gravitational perturbations, s = ±1 for elec-
tromagnetic perturbations, s = ±1/2 for massless neutrino
perturbations, and s = 0 for scalar perturbations. The eigen-
functions sSlm(τ,±1) and eigenvalues sAlm(τ) are required
to be bounded according to the natural boundary conditions.
If taking s = 0, τ2 = −c2 in Eq.(1) (the choice of the
sign before c2 is different, e.g. a positive sign was used in
Refs. [11-13]) then it becomes a well-known spheroidal wave
equation [14, 15]
(1 − x2)d
2
0Slm(c, x)
dx2
− 2xd0Slm(c, x)
dx
+
[
0Alm(c)− c2x2 − m
2
(1− x2)
]
0Slm(c, x) = 0
(2)
which has an important application in the electromagnetic the-
ory, e.g., spheroidal wave functions are frequently encoun-
tered, especially when boundary value problems in spheroidal
structures are solved using full-wave analysis [15].
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So far the exact solutions of Eq. (1) have not been ob-
tained except for two particular cases, i.e., 1) for s = 0 and
τ = 0, and 2) for τ = 0, s 6= 0. The solutions of first
case are well known, i.e., its eigenvalues and eigenfunctions
are given by 0Alm(0) = l(l + 1) and normalized associated
Legendre polynomials 0Slm(0, x) = NlmP
m
l (x) [16, 17].
The solutions of second case were first given in [18] with
the eigenvalues sAlm(0) = l(l + 1) − s(s + 1) and eigen-
functions sSlm(0, x) = sPlm(x) = N
′
lms(1−x)(m+s)/2(1+
x)(m−s)/2P
(m+s,m−s)
n (x). These were confirmed in our re-
cent studies [19] and P
(α,β)
n (x) are Jacobi polynomials. The
reason why one cannot obtain the exact solutions of Eq.(1)
or (2) is from the term τ2 x2 (τ is a complex number). Up
to now, different approaches were used to study their solu-
tions numerically or approximately [11-13, 20-26]. To show
its role, we shall explore how to obtain the exact solutions of
the following equation
(1− x2)d
2
0Sl0(τ, x)
dx2
− 2xd0Sl0(τ, x)
dx
+
[
0Al0(τ)+τ
2x2
]
0Sl0(τ, x) = 0.
(3)
Obviously, it is the special case of Eq.(1) or (2) for s = 0,m =
0. The exact solutions of Eq. (3) are very important for solv-
ing Eq.(1) [27-32]. Here, we propose a new scheme to solve
this equation (3).
The rest of this work is organized as follows. In Section II,
we propose a new scheme to solve equation (3) and present its
analytical solutions. In Section III, we evaluate the eigenval-
ues through solving the Wronskian determinant and illustrate
the property of the normalization wave functions. Finally we
summarize our conclusions in Section IV.
II. EXACT SOLUTIONS
Taking function transformation 0Sl0(τ, x) = e
τxf(x) and
a new variable z = (1 − x)/2, (−1 ≤ x ≤ 1 , 0 ≤ z ≤ 1 ),
equation (3) can be transformed to a confluent Heun differen-
2tial equation
d2f(z)
dz2
+
[
−4τ + 1
z
+
1
z − 1
]
df(z)
dz
+
[
0Al0(τ) + τ
2 − 2τ
z
+
−0Al0(τ)− τ2 − 2τ
z − 1
]
f(z) = 0.
(4)
Compared this with the standard form of the confluent Heun
equation [33,34]
d2H(z)
dz2
+
[
α+
β + 1
z
+
γ + 1
z − 1
]
dH(z)
dz
+
[
µ
z
+
ν
z − 1
]
H(z) = 0
(5)
we have
α = −4τ, β = γ = 0, µ = 0Al0(τ) + τ2 − 2τ,
ν = −0Al0(τ)− τ2 − 2τ, δ = 0, η = −0Al0 − τ2.
(6)
Thus, the solutions of Eq.(5) can be expressed as
H(z) = HeunC(α, β, γ, δ, η, z)
=
∞∑
n=0
υn(α, β, γ, δ, η)z
n, z ∈ [0, 1), (7)
where δ = µ + ν − [α(β + γ + 2)/2], η = [α(β + 1)/2] −
[(β + γ + βγ)/2] − µ. When HeunC(α, β, γ, δ, η, 0) = 1,
one has the recurrent relation Anυn = Bnυn−1 + Cnυn−2
with initial coefficients υ−1 = 0, υ0 = 1 . Under constraints:
1) ∆N+1(µ) = 0, and 2) µ + ν + Nα = 0, the confluent
Heun functions HeunC(α, β, γ, δ, η, z) shall be truncated to
N -term polynomials [33, 34] and also satisfy the natural con-
dition at z = 1, i.e., the wave function is convergent and fi-
nite at this limit. Unfortunately, it is known from Eq.(6) that
the second constraint 2) is violated. Thus, we may only ob-
tain the convergent solution of Eq. (3) at z = 0 (north pole
θ = 0, x = 1) as
Y (1) = S(x) = eτxH(1) (8)
where S(x) = eτxHeunC(−4τ, 0, 0, 0,−0Al0 − τ2, (1 −
x)/2) are non-normalized eigenfunctions. With the same
transformation as above for 0Sl0(τ, x), but with z
′ = (1 +
x)/2 , (0 ≤ z′ ≤ 1 ), equation (3) can be transformed to
another form of confluent Heun equation
d2f(z′)
dz′2
+
[
4τ +
1
z′
+
1
z′ − 1
]
df(z′)
dz′
+
[
0Al0(τ) + τ
2 + 2τ
z′
+
−0Al0(τ) − τ2 + 2τ
z′ − 1
]
f(z′) = 0
(9)
fromwhich we are able to obtain all corresponding parameters
α, β, γ, µ, ν, δ, η by replacing τ in Eq. (6) with −τ . Thus, we
obtain the convergent solution of Eq. (3) at z′ = 0 (south pole
θ = pi, x = −1 ) as
Y (2) = eτxHeunC(4τ, 0, 0, 0,−0Al0 − τ2, (1 + x)/2)
= eτxH(2).
(10)
Likely, the second constraint 2) is still not satisfied.
III. WRONSKIAN DETERMINANT AND PROPERTY OF
WAVE FUNCTIONS
Eqs.(8) and (10) as the solutions of Eq. (3) at north- and
south- poles should be convergent for a correct and same
eigenvalue 0Al0 and they must also be linearly dependent
within the interval x ∈ (−1, 1). Nevertheless, for non-zero
constants C1 and C2, one has C1Y (1) + C2Y (2) = 0. Sub-
stitution of Eqs. (8) and (10) into this equation allows us
to obtain C1H(1) + C2H(2) = 0 and its first derivative
C1H
′(1) + C2H
′(2) = 0, from which we obtain the Wron-
skian determinant
∣∣∣∣ H(1) H(2)H ′(1) H ′(2)
∣∣∣∣ = 0, (11)
Since two solutions (8) and (10) are linearly dependent in the
whole interval x ∈ (−1, 1), we take x = 0 to calculate (12)
for simplicity. That is, its explicit expression is given by
HeunC(−4τ, 0, 0, 0,−0Al0 − τ2, 0.5)HeunCPrime(4τ, 0, 0, 0,−0Al0 − τ2, 0.5)
+HeunC(4τ, 0, 0, 0,−0Al0 − τ2, 0.5)HeunC Prime(−4τ, 0, 0, 0,−0Al0 − τ2, 0.5) = 0. (12)
Such a calculation can be performed by Maple.
When τ2 = τ2R is a real number, the operator of boundary-
value problem for Sturm-Liouville problem corresponding to
Eq. (3)
L = − d
dx
(1− x2) d
dx
− τ2R x2 (13)
is a Hermite operator (self - adjoint operator) [35,36].
Thus, its eigenvalues are necessarily real, and its eigenfunc-
tions belonging to different eigenvalues are orthogonal to
each other. When τ2 = 0, the formula (12) is reduced to
HeunC(0, 0, 0, 0,−0Al0, 0.5)HeunCPrime(0, 0, 0, 0,−0Al0, 0.5) =
0. Let 0Al0 = l(l + 1), one has
HeunC(0, 0, 0, 0,−0Al0, 0.5) = 0 for l = 1, 3, 5, . . .,
while HeunC Prime(0, 0, 0, 0,−0Al0, 0.5) = 0 for
l = 0, 2, 4, . . .. Therefore, when l = 0, 1, 2, 3, 4, . . .,
the non normalized eigenfunctions are given by
0Sl0(0, x) = HeunC(0, 0, 0, 0,−l(l + 1), (1 − x)/2) =
HeunC(0, 0, 0, 0,−l(l+ 1), (1 + x)/2) = Pl(x). When τ2 is
positive real number (τ is real number too), it is known from
Eqs.(8) and (10) that the Y (1), Y (2), H(1), H(2) are all real
3TABLE I. The eigenvalues A = AR + i AI for τ
2 at a couple of values.
l τ 2 = −5 τ 2 = −5− 8i τ 2 = −8i τ 2 = 5− 8i τ 2 = 5
AR AR AI AR AI AR AI AR
0 1.3573568373 1.8043359712 1.5906398710 0.9644232667 2.3283101734 -0.7871216011 4.2776554165 -2.0799341864
1 4.8228091767 5.3060843684 4.2234037629 2.4498686232 4.8343804401 -0.7986839845 5.3524223669 -1.1624779006
2 8.8107354528 8.6711184570 4.8951208631 5.3319345225 4.5322189468 2.6808507613 2.9479975338 3.6779585066
3 14.643458488 14.389856477 4.3808340000 11.777888730 4.0551516290 9.3813263521 3.8210930766 9.5179821017
4 22.577779187 22.455887633 4.1922370585 19.888508215 4.0487913571 17.400494074 3.9144653289 17.511597841
5 32.549800782 32.476062073 4.1242211276 29.927930974 4.0336407119 27.435200980 3.9441485104 27.506765233
6 44.534892992 44.484067980 4.0871691371 41.949663846 4.0240585160 39.454371034 3.9613662124 39.504498010
7 58.525881046 58.488474447 4.0646308842 55.962779217 4.0180276814 53.466085136 3.9715910879 53.503221201
8 74.519987827 74.491226293 4.0498876033 71.971320202 4.0140030147 69.473787227 3.9781931777 69.502428232
9 92.515913447 92.493078225 4.0396999811 89.977204764 4.0111886530 87.479124307 3.9827143032 87.501900094
10 112.51297542 112.49439092 4.0323582429 109.98143670 4.0091448755 107.48297683 3.9859512535 107.50152964
functions. Therefore, the following function
F (τ, A) = H(1)H ′(2)−H ′(1)H(2) (14)
represents its variation to the eigenvalues 0Al0 (abbreviated as
A) for some given real number τ . Its intersections with the
axis of A decide the eigenvalue 0Al0. The eigenvalues 0Al0
for different angular momentum l can be calculated precisely
by solving Eq.(12), and results at different values of τ2 (i.e.,
−5, 5) are listed in the first and the last columns of Table I.
When τ2 < 0 is a negative real number, τ becomes an imagi-
nary number. Thus, all functions Y (1), Y (2), H(1), H(2) are
complex and the function
Re[F (τ, A)] = Re[H(1)H ′(2)−H ′(1)H(2)] (15)
denotes its variation to A. Its intersections with the
axis A determines the eigenvalues 0Al0, but the function
Im[F (τ, A)] = Im[H(1)H ′(2)−H ′(1)H(2)] is always zero.
As illustrated in Fig. 1(a), we plot the variation of F (τ, A)
with respect to A for three different cases τ = 0 ,
√
5, i
√
5.
It is known from the first column and the last row in Table I
as well as other calculations for real τ2 = τ2R that we observe
that the eigenvalues for a larger l are given by
0Al0 ≈ l(l + 1)− τ2R/2. (16)
This coincides with the results of Refs. [12,13] as shown in
Table II.
The normalized even- and odd- parity eigenfucntions for
positive and negative real number τ2 are plotted by using the
obtained eigenvalues. It is difficult to observe the hidden sym-
metry in Eq.(8), which is expressed by the combination of an
exponential function and an infinite series, but such a symme-
try is shown explicitly in Fig. 2.
When τ2=τ2R ± i τ2I is a complex number, the correspond-
ing operator for Eq. (3)
L± = − d
dx
(1− x2) d
dx
− (τ2R ± i τ2I )x2 (17)
is not a Hermitian any more. Hence, the eigenvalues can only
take complex values A± = AR ± i AI and eigenfunctions
are complex Y± [35, 36]. It is easy to show that L− = L
∗
+
and L+ = L
∗
−. This implies that A− = A
∗
+ = AR − i AI
and Y− = Y
∗
+ . Based on (11) we may plot the following two
functions
Re[F (τ, AR + i AI)] = Re[H(1)H
′(2)−H ′(1)H(2)] = 0
(18)
Im[F (τ, AR+ i AI)] = Im[H(1)H
′(2)−H ′(1)H(2)] = 0
(19)
Their intersections decide the real and imaginary parts of the
eigenvalues. In Fig.1(b)and (c), we show the plots of τ2 =
−5 − 8i and τ2 = −5 + 8i. We find that the values of the
intersection are conjugated each other and list their results at
different values of τ2 (i.e.,−5−8i,−8i, 5−8i) in the middle
columns of Table I. If τ2 = τ2R + i τ
2
I , we observe that the
eigenvalues for a larger l follow
0Al0 ≈ [l(l + 1)− τ2R/2]− i τ2I /2. (20)
Since the eigenvalues and eigenfunctions for complex τ2 =
τ2R± i τ2I are conjugated, we show in Fig. 3 the real and imag-
inary parts of the eigenfunctions for the case τ2 = −5 − 8i.
We note that only if τ2 is complex, the real or imaginary parts
of the eigenfunctions are odd or even functions. Its odd or
even parity property coincides with that of the angular mo-
mentum l. This is the same as the case when τ2 is real. How-
ever, the number of nodes for complex τ2 is not equal to the
value l, which is different from the case for real τ2, where the
number of nodes is l.
4(a)
(b) (c)
FIG. 1. The eigenvalues denotations in complex plane. a) The case
τ 2 = 0 , ±5 b)the case τ 2 = −5− 8i and c)τ 2 = −5 + 8i
(a) (b)
(c) (d)
FIG. 2. The normalized eigenfunction for real τ 2 (a) Even parity
normalized eigenfunction for τ 2 = 5 (b) Odd parity case, (c) Real
part of normalization eigenfunction τ 2 = −5 (d) same as (c) but for
imaginary part.
(a) (b)
FIG. 3. The normalized eigenfucntion for complex τ 2 = −5 − 8i.
The real part of normalized eigenfunctions in (a) but imaginary part
in (b).
(a) (b)
(c) (d)
FIG. 4. The plots of angular distribution functions in 2D and 3D for
the real τ 2 = −5 or imaginary number τ 2 = ±8i.
Let us illustrate the APD w(θ, φ) = |NY (1)|2/(2pi) for
x − z plane, where NY (1) denotes the normalized eigen-
functions. For the ground state, the APDs when τ2 = −5
and τ2 = ±8i are displayed in Fig. 4; the APDs when
τ2 = −5 ± 8i and τ2 = 5 ± 8i are displayed in Fig. 5. For
different τ2 = τR + i τI , we find that the APD of the ground
state moves towards the north and south poles for τR > 0, but
gathers to the equator for both τR ≤ 0. However, we notice
that the APD for large l always moves towards the north and
south poles for arbitrary τ2.
IV. CONCLUDING REMARKS
In this work, we have proposed a new scheme to solve the
angular Teukolsky equation in particular cases. We first trans-
formed this equation to a confluent Heun differential equation
5TABLE II. Comparison of selected values of eigenvalues computed in Refs. [24, 26] and ours.
l m τ 2(−c2) Yan et al . [26] Falloon et al . [24] Present
0 0 -1 0.31900 00551 4688 — 0.31900 00551 46892 73978 39819 9
0 0 -100 9.22830 42972 498 9.22830 42972 49945 15101 22688 9.22830 42972 49945 15101 22687 6
1 0 -100 — 28.13346 37328 26727 81431 89751 28.13346 37328 26727 81461 89750 1
0 0 -2500 49.24615 25271 1 — 49.24615 25271 04644 71397 05257 3
0 0 100 — -81.02794 39449 57756 18608 90809 -81.02794 39449 57756 18608 90808 6
1 0 100 — -81.02793 80237 45584 07315 28426 -81.02793 80237 45584 07315 28425 3
(a) (b)
(c) (d)
FIG. 5. The plots of angular distribution functions in 2D (projection)
and 3D for the complex numbers τ 2 = −5± 8i and τ 2 = 5± 8i.
via different variable and function transformations and then
find two linearly dependent solutions used to constructed the
Wronskian determinant (12). Based on this formula (12), we
are able to calculate the eigenvalues precisely with the aid of
Maple. Once eigenvalues were found, we could obtain the
normalized eigenfunctions and thus studied the angular prob-
ability distribution.
Before ending this work, we are going to give two useful
remarks. First, if taking variable transform z′ = 1 − z and
acting it directly to Eq.(4), equation (4) can also be trans-
formed to Eq.(9). This is a notable feature of the confluent
Heun differential equation (5). It tells us that if some physi-
cal problem with natural boundary condition can be described
by a confluent Heun differential equation, then we are able to
obtain its exact solutions following the present scheme. Sec-
ond, taking 0Sl0(τ, x) = e
−τxf(x) and then z = (1 + x)/2
(x ∈ [−1, 1], z ∈ [0, 1]), Eq. (3) can be transformed to
confluent Heun differential equation (4). Similarly, taking
0Sl0(τ, x) = e
−τxf(x) and then choosing z′ = (1 − x)/2
(x ∈ [−1, 1], z′ ∈ [0, 1]), Eq. (3) can be transformed to con-
fluent Heun differential Eq. (9). Following the way discussed
above, we obtain the same Wronskian determinant as Eq.(11)
and solve for the eigenvalues of Eq. (3). That is to say, the
eigenvalues of Eq.(3) are determined totally by the parameter
τ2. The normalized eigenfunctions obtained by Eq.(8) or (10)
are linearly dependent within the interval.
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